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The s t eady-s t a t e  veloci ty ,  the degree  of deformat ion ,  and the convec t ive -d i f fus ion- l imi ted  ra te  of 
q u a s i s t e a d y - s t a t e  growth (or dissolut ion)  a r e  cons idered  for gas bubbles having shapes close to those of 
spheres  or disks.  It is a s sumed  that there  a re  no su r f ace -ac t i ve  subs tances  in the liquid. A qual i ta t ive  
a g r e e m e n t  is found between the calcula ted d i sso lu t ion  ra te  and the exper imen ta l  data. 

NOTATION 

a--radius of the sphere of equivalent volume; 
u--bubble velocity with respect to the still liquid at infinity; 
-/~kinematic viscosity of the liquid; 
p--liquid density; 
D--gas diffusion coefficient in the liquid; 
if--surface tension; 
g--gravitational acceleration; 
d--[R = 2au/u]--Reynolds number; 
e--[P = 2au/D]--Peclet number; 
f--[W = 2apu2/ff]--Weber number. 

1. Shape and s t eady- s t a t e  ve loc i ty  of the gas bubble~ The ra te  of q u a s i - s t e a d y - s t a t e  d issolu t ion  of a gas bubble 
in a l iquid has been calcula ted by Levich [1] for  the following condit ions:  a) the bubble is of spher ica l  shape; b) the 
veloci ty field of the liquid flow around the bubble is  that of an ideal liquid. However,  these  two condit ions may be 
incompat ib le ,  s ince the second impl ies  that R1/2 >> 1, so bubble deformat ion  may have to be taken into account. 

The ques t ion of bubble shape was d i s cus sed  by Moore [2, 3], who showed that to de t e rmine  the surface shape it 
is  suff icient  to ca lcula te  the p r e s s u r e  p in the flow of an ideal  l iquid around the bubble. Allowance for liquid v i scos i ty  
leads  to a co r r ec t i on  of o rde r  1/R in the p r e s s u r e  d i s t r ibu t ion  nea r  the bubble surface.  Accordingly ,  for a given flow 
veloci ty around the bubble and for  suff ic ient ly  l a rge  Reynolds  n u m b e r s ,  the sur face  shape is given, with an accuracy  
to t e r m s  of o rder  l / R ,  by 

p .~_ 6 (RI,1 _~_ -1 R~ )=p ' .  ( 1 .1 )  

Here  R 1 and R 2 a re  the ma in  rad i i  of the cu rva tu r e  of surface ,  and p' is the gas p r e s s u r e  in the bubble. 

The degree  of bubble de format ion  depends on the Weber  n u m b e r  W. When W < 2, the bubble shape is c lose  to 
spher ica l .  When W > 2, the bubble may be a s sume d  to take on the shape of an oblate el l ipsoid of revolut ion.  We let  
X be the ra t io  of the s e m i m a j o r  axis (pe rpend icu la r  to the l iquid flow) to the s e m i m i n o r  axis  (para l le l  to the liquid 
flow). The x(W) dependence was found in [3] f rom the condit ion that Eq. (1.1)holds at the point on the bubble fa r thes t  
u p s t r e a m  and at a point  at the i n t e r s e c t i o n  of the bubble sur face  with the hor izonta l  plane of symmet ry ;  at this  l a t t e r  
point,  it was shown that 

%--  t = 9/~ W f o r z - - i ~ l ,  (1.2) 

W =  a2~- l /a ( t  - - 4 / a ~ ) ~  f o r z ~ i .  (1.3) 

The s t eady-s t a t e  veloci ty  of an el l ipsoid was calcula ted by Moore [3] f rom the ra t e  at which the l iqu id ' s  kinet ic  
energy  is  d iss ipated.  With an accu racy  to t e r m s  of the o rder  of R-l/2,  his  r e s u l t s  were  

u =  % ( g a 2 / v ) [ ! - V ~ ( x - t ) ]  f o r z - ~ i ,  

u = i / 8 ( a g  a2 /vX ~ / 8 ) ( 1 - 4 / a ~ ) 2  forX ~>~i. 

The f i r s t  t e r m  in Eq. (1o4) i s . the  same as that given by Levich [1]; us ing it, we may calculate  

(1o4) 

(1.5) 
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- -  i = 9/33 apu2 / z = 0 .043  (p / z )  gl/8,~ al3Tls/s = 
= 35.10-3pg~a s / dv 2 . (1.6) 

Substi tut ing (1.6) into (1.4), we find that 

= ~/9 (g a2/~)  (l --  4.6 .lO-~pg2a 5 / ~v 2) (1.7) 

The expe r imen ta l  data in [4] show that as an a i r  bubble moves  in wa t e r  at 6 ~ C, t he r e  is  an abrupt  i n c r e a s e  in the 
d rag  coeff ic ient  at app rox ima te ly  R = 250; in wa t e r  at 19 ~ C, this i n c r e a s e  s t a r t s  at app rox ima te ly  R = 400. In the 
f i r s t  case ,  we have p = 1.00 g / c m  3, v = 0o0147 cm2 / sec ,  and a = 0.75 �9 10 -5 J/cm2; in the second,  p = 1.00 g / c m  3, 
v = 0.0102 cm2/sec,  and cr = 0.73 �9 10 -5 J / c m  2. Equat ion (1.6) y ie lds  X - 1 = 4.5 �9 10 -5 Rs/2 fo r  the wa te r  at 19 ~ C. The 
effect  of de fo rma t ion  on the flow ve loc i ty  b e c o m e s  s ignif icant  when the r igh t -hand  side of Eq. (1.6) b e c o m e s  

approx ima te ly  equal  to 0.5, which c o r r e s p o n d s  to W ~ 2. 

When X 2 >> 1, it fol lows f r o m  Eqs. (1.3) and (1.5) that 

%~ = pga3u / 3~av . (1. 8) 

Equat ion (1.3) shows that an approx imate  e x p r e s s i o n  for  the s t e a d y - s t a t e  ascen t  ve loc i ty  can be found in the 
r eg ion  3 < )/< 6 under  the assumpt ion  W = const.  It was es tab l i shed  in [4, 5] in an analogous manner ,  on the bas i s  of 
e xpe r imen t a l  data, that the s t e ady - s t a t e  ascen t  ve loc i ty  of a bubble of m o d e r a t e  s i ze  and having a shape c lose  to that 

of an oblate e l l ipso id  can be found f r o m  the condit ion W = 3.65: 

tt = 1.35 ((~] pa) i/2. (1o9) 

A l a r g e r  bubble would have a m u s h r o o m  shape. This ind ica tes  that the r eg ion  occupied by the turbulent  wake 
c o v e r s  about half  the bubble sur face .  The d rag  of such a bubble is  p ropor t iona l  to the squa re  of the r e l a t i v e  veloci ty .  
The s t e a d y - s t a t e  ve loc i ty  of a m u s h r o o m - s h a p e d  bubble is  [4] 

= 1 . 0 2 F ~ 7 .  ( 1 . 1 0 )  

Accord ing ly ,  the reg ion  in which Eq. {1.9) i s  appl icable  may  be a s sumed  bounded f r o m  above by a = 1.3 (o/pa)l/2. 
F o r  an a i r  bubble in wa te r ,  this  means  a < 0.35 cm. Accord ing ly ,  Eqs. (1.8) and (1.9) y ie ld  the fol lowing bubble 

de fo rma t ion  fo r  the reg ion  X 2 >> 1: 

%2 = 0.143 (ga z / v )  (pa ] (~)'/,. (1.11) 

The r igh t -hand  side of this equation is on the o r d e r  of the r a t io  of the ve loc i ty  of an equ iva l en t -vo lume  sphe re  to that 

of a de fo rmed  el l ipsoid.  

The reg ion  of appl icabi l i ty  of (1.11) is  s m a l l e r  than that for  the r e l a t ion  (1. 9) between the ascent  ve loc i ty  of an 
e l l ipso ida l  bubble and i ts  equivalent  radius .  As  shown below, Eq. (1.11) holds only when the condit ion X 2 << ,/-~-holds. 

Otherwise ,  the c o r r e c t i o n s  a s soc i a t ed  with a m o r e  a c c u r a t e  account  of the l iquid mot ion in the hydrodynamic  boundary 
l aye r  and in the wake lead  to a d i f ferent  dependence of the bubble ascen t  ve loc i ty  on the deg ree  of de fo rmat ion ,  and 

thus to a d i f fe ren t  dependence  of the d e g r e e  of de fo rmat ion  on the equivalent  radius .  

M o r e o v e r ,  at l a r g e  va lues  of X, the actual  bubble shape given by Eq. (1.1) d i f fe r s  f r o m  eUipsoidal .  As was 
shown in [3], Eq. (1.1) is sa t i s f i ed  over  the en t i r e  bubble su r f ace  only approx imate ly ,  with a m a x i m u m  e r r o r  of 10~0 
at X = 2 or  55% at X = 4. Approx ima te ly  the same r e s u l t s  w e r e  obtained by Ki se l ev  [6] in a d i f fe ren t  manner .  However ,  
a compar i son  of the r e s u l t s  obtained by Moore  [3] with the expe r imen ta l  data of H a b e r m a n  and Morton [4] shows that  
the s t e ady - s t a t e  bubble ve loc i ty  apparent ly  does not depend s ignif icant ly  on the devia t ion  of the actual  su r f ace  shape 
f r o m  the eUipsoidal .  The ca lcu la ted  e l l ipso ida l  ve loc i ty  co inc ides  with the expe r im en t a l  bubble ve loc i ty  with an e r r o r  
no g r e a t e r  than 20~o in the r eg ion  up to • = 4, while  the e l l ipsoid  ve loc i ty  may d i f fe r  by an o r d e r  of magni tude  f r o m  

that of an equ iva l en t -vo lume  sphere.  

2. Convec t ive  di f fus ion to the e l l ipso ida l  surface~ The d isso lu t ion  r a t e  of an e l l ipso ida l  bubble should d i f fer  f r o m  
that of a sphe r i ca l  one of equivalent  vo lume because  of the d i f fe ren t  s t e a d y - s t a t e  ve loc i ty ,  su r face  a rea ,  and 
d i s t r ibu t ion  of the e f fec t ive  th ickness  of the diffusion boundary l aye r  along the surface.  

We a s s u m e  that the ve loc i ty  f ie ld  of the flow around the bubble is that of an ideal  l iquid.  F o r  a given ve loc i ty  of 
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the ellipsoidal bubble, the diffusion flux to its surface can be calculated in a manner similar to that proposed by Levich 
for the case of a spherical bubble [i]. 

We assume that the origin of coordinates is at the center of the ellipsoid, and that the z-axis is parallel to the 
liquid flow velocity u. The equation of the surface of an axisymmetric ellipsoid is 

~ § ~ =  -7~[=~> t �9 

We i n t r o d u c e  an o r t h o g o n a l  c o o r d i n a t e  s y s t e m  a ,  f~, q~ such  that  

x = k  [(l 4-cr (t - -  [~2)]~/Zcos~, g = k  [(t +cr z ) ( ~ -  [~)1'/: sinq) 

z = k c ~ .  

It follows that 

dx ~ _~_ @2 + dz 2 = h~z2dv~2 _t_ h ~2d~O. _~_h 2d(92 , 

k , , + . 

The  equa t i on  for  the s u r f a c e  of the e l l i p s o i d  c o r r e s p o n d s  to (~ = o~0; then  

k (i § : l~, k% = l~. 

L a m b  [7] has  c a l c u l a t e d  the  v e l o c i t y  p o t en t i a l  6 for  the flow of an  idea l  l iqu id  a r o u n d  an e l l ipso id :  

= uk[~ [~ -~p i ( i  - -  cr arcctg ~)], 

p = [arcctg ao - -  ~0 / (~ ~- ~0~)] -~ . 

A c c o r d i n g l y ,  the ve loc i t y  c o m p o n e n t s  v a ,  v/3 in  the e l l i p s o i d a l  c o o r d i n a t e  s y s t e m  a r e  

v~ = u ~ [ ~ ) / t  + ~, ' , '~  [ t -  p(arc ctg c~-- ~ ) ]  ~ , 

The convective-diffusion equation becomes 

va 0c 
h~ Ozr 

with b o u n d a r y  c o n d i t i o n s  

_ _ _ _ _ L  v~ Oc D (_~ h~h~ 0c 0 hah~ 0c } 
' ~ = ~  h~ am+a~ % ~ ' 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.8) 

(2.7) 

e - -  ca fo r  ~----a0,~--/=--t, 

c--+co for  k ~ ,  (2.8) 

C=Co f o r ~ = - - t ,  ~=P~o. 

The  v a r i a b l e  a m a y  be r e p l a c e d  by  the  new v a r i a b l e  7 in  the  fo l lowing  m a n n e r :  

c~ = a0 (t  + 57),  5 = (1 4- 0502) ~o - i  (D / ukp!~/2. 

The  q u a n t i t y  5 -2 is  on the o r d e r  of the P e e l e t  n u m b e r .  A c c o r d i n g  to the  c o n d i t i o n s  of th i s  p r o b l e m ,  we have  5 << 1. 

With an a c c u r a c y  to t e r m s  of the o r d e r  of 6, the  c o n v e c t i v e - d i f f u s i o n  equa t i on  m a y  be w r i t t e n  

Oc oc 02c 
213y--~- + (i --~') ~ = 8~" (2.9) 

Using the Mises transformation from the variables Y, fl to the new variables ~ = y(1 - fi2),fi, we can reduce Eq. (2.9) 
to an equation of the heat-conduction type: 

0--~=~-~,~ ~ =  - ~ - + $ - - - ~ -  ' ( 2 . 1 0 )  
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with the initial and boundary conditions 

c = c s for ~--=0,,~,~0, 
c--+co for  ,--,  oo, 

c = c 0  f o r r  

(2.11) 

The solution of Eq. (2.10) with condit ions (2.11) is  

c - ~ = (,:'o - ~ )  e~'f ( ,  / 2 V ~ ,  
x 

or, Ix:, =  Io:. t"),',. 
0 

(2.12) 

The diffusion flux dens i ty  is 

f ~ o ~ ' ~  D(~0--~,)0--~ ~) (~ + ~o~ '/~ 
j = - -  D \-~- ~-)0 = - -  k~08 Y ~  k=o-F-4~+ ~ ~) ' 

while the total flux to the bubble sur face  is  

1 l/e 

- -1  

(2.13) 

(2.14) 

Fo r  a s l ight ly deformed bubble,  i . e .  , one whose shape differs  l i t t le  f rom the spher ica l ,  the p a r a m e t e r s  in Eq. 
(2.14) sat isfy the condit ions 

a0 ~ l ,  k3~ 0 (1 ~-a0 ~) = M, p = 3/2 %3(1 ~-~ (2.15) 

The equation for the total f lux becomes  

I = 8 (1/2 aua3D) v~ (i + i/t0% -2) (co --  ca). (2.16) 

When co r r ec t i ons  of o rde r  a - ]  a re  d i scarded ,  t h e  m a i n  t e r m  of this equat ion ag rees  with that in the Levich e q u a t i o n  

[1]. 

Using Eqs. (1.4) and (1.6), we may wri te  

I =  - 3 - \ - - 5 ~  J \ t - - l . 6 . i 0  -3-~-)(c0-:-c~) .  (2.17) 

We note that as the equivalent  rad ius  a i n c r e a s e s ,  the co r rec t ions  to the s t eady- s t a t e  flow veloci ty  (2.17) become 
not iceable  at lower va lues  of a than the co r re spond ing  co r r ec t i ons  in  Eq. (1.7) for  the s t eady- s t a t e  bubble velocity.  

In the case  of a highly deformed bubble,  

So "~ i ,  k~ao = a s, p =  (2/n) (l +4% /g) ,  (2.18) 

the total diffusion flux is ,  with an accuracy  to t e r m s  of order  off, 

I = 8 (2/3ua3D / ~Zo)'/~ (l -F 2a0 / ~) (Co --  c~). (2.19) 

Equation (2.19) shows that the flux to the surface  of the highly deformed bubble may sl ightly exceed the flux to the 
sur face  of a sphere  of the same volume and velocity. This is a p laus ib le  resu l t ,  s ince deformat ion  of the bubble 
would be accompanied  by an i nc r ea se  in its sur face  area.  The sur face  a rea  of a d i sk -shaped  bubble i n c r e a s e s  in 
propor t ion  to X2/3. A sl ight ly s lower i n c r e a s e  in the diffusion flux, p ropor t iona l  to • occurs  because  the d i f ferent  
pa r t s  of the bubble sur face  a re  not equally access ib l e  to the diffusion flux. Taking into account  the dependence of the 
s t eady- s t a t e  veloci ty of a highly deformed bubble on i ts  d imens ions  (1.9), and re la t ion  (1.11) between the degree  of 
deformat ion  and the s t eady-s t a t e  veloci ty,  we wri te  
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Comparing the main term in this equation with the Levich equation of the growth of a spherical bubble of 

equivalent volume, 

[ 0 = 3.35 (ga5D / v )  v~ / (c9 -- cs) , (2.21) 

we  s e e  that  the  d i s s o l u t i o n  (or  growth)  r a t e  of a d i s k - s h a p e d  bubble  i s  l e s s  than  that  of a s p h e r i c a l  one.  H o w e v e r ,  the 
r a t i o  of the  to t a l  d i f fus ion  f l u x e s ,  I / I  0 = 0.86X-1/2 , canno t  be  l e s s  than  of o r d e r  uni ty ,  s i nce  Eq. (2.20) ho ld s  only f o r  
d e g r e e s  of d e f o r m a t i o n  w h i c h  a r e  not  too  l a r g e  (X 2 << R~/2). 

Accordingly, the Levich equation (2.21) may be assumed to give correct order-of-magnitude growth rates (or 

diffusion rates) for an ellipsoidal bubble. It should be noted that there is a partial compensation for the effects of the 

decreased ascent velocity and the increased bubble surface area on the total diffusion flux as the degree of deformation 

increases. 

3o Effect of energy dissipation in the hydrodynamic boundary layer and in the wake on the steady-state bubble 

velocity and on its growth or dissolution rate. As Moore has shown [3], a more accurate account of energy dissipation 
in the hydrodynamic boundary layer and in the wake leads to the following equation for the steady-state bubble velocity: 

ul __ 1 - -  (i +uo~)  ] # ~ ( 1 1 - - 1 2 +  I3) ( 3 . 1 )  
u 9 ]/'2~-~up [~o + (t --  ~o z) arcetg ~9] 

H e r e  u i s  the  bubb le  a s c e n t  v e l o c i t y ,  wi th  an  a c c u r a c y  of o r d e r  R-l /~ 

i x(~) x(S) [I = (no 2 + ~)d[3 I d'~ I 6'(,~)S('r 
(2,~ - ~ - - ~  ' 

- - 1  0 0 

1 _ x ( D  % *,'~ 

d~ S (~) d~ 3P2 ~ d~ , (3.2) 
I 2 = t 2 a o  ~ ~ o ~  ~ ,  13 =2(17~0~)~j  V ~ 6 / ~ _ T _ ~ : "  

- - 1  0 0 O 

S (x)  ---- 3~o 2 [ao ~ + ~ (x)  ]-2, x -~ 2 / 9 (~ - / t )  2 (2 - -  ~) �9 ( 3 . 3 )  

T h e  v a l u e  fl = - 1  (x = 0) c o r r e s p o n d s  to the  po in t  on the  bubble  f a r t h e s t  u p s t r e a m .  

It follows from Eqs. (3.1)-(3.3) that the steady-state velocity of a spherical bubble is 

u 1 = ( i / g g a 2 / v )  (i + 2.2t R- ' /2 ) .  (3.4) 

This result had been obtained in [3, 8]. 

The dependence of the integrals in (3.2) on o~ 0 or on )/is extremely complicated, so Moore [3] carried out a 

numerical calculation of the steady-state velocity only in the ~( region from 1 to 4. These results should evidently be 
supplemented by a study of the behavior of (3.1) in the region ~/2 >> l(c~ << i), for at least an estimate of the region of 

applicability of the equations of the previous section. 

A s  s o ~ 0, the  func t i on  

1 / ~ sgS = a / 2 a0 ~ [no ~ + ~ (x)] -9 (3.5) 

t ends  t o w a r d  z e r o  in the  r e g i o n  w h e r e  fi2(x) >> ~ ,  and t ends  t o w a r d s  in f in i ty  in the r e g i o n  w h e r e  fi2(x) << c~. The  
b e h a v i o r  of t h i s  f unc t i on  as  ~0 ~ 0 i s  not  a f f e c t e d  when  fi(x) i s  r e p l a c e d  by an e x p r e s s i o n  va l id  f o r  fi(x) << 1: 

(x) = 31, (x - ~ 19). (3.6) 

Since 

czo i~ 3~oa i . dx -'2- Sdx = -"2-- [ ~  + 9/4 (~ _ %)~19 = 1 , (3.7) 

then  the  r i g h t - h a n d  s ide  of (3.5) i s ,  a s  0% ~ 0, one  r e p r e s e n t a t i o n  of  the  6 - func t ion .  A c c o r d i n g l y ,  w h e n  c~ <<1, we 
m a y  a s s u m e  that  

S(x) = ( 2 / a o ) ~ ( x - - a / 9 ) .  (3.8) 
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Then 

4 
I - -  27~ I f_ ~d_~ 2.54 2,59 
i -- 2ao2 ~ (3 -- ~l~) ~/* -- ao "~ ' I~ = ~ao~ 

(3.9) 

An eva lua t ion  shows that  the i n t eg ra l  12 i s  of the o r d e r  of ~1 /2 .  An account  of th is  t e r m  in Eq. (3.1) l eads  to 
c o r r e c t i o n s  of o r d e r  a ~  2. With an a c c u r a c y  to t e r m s  on the o r d e r  of ao inc lus ive ly ,  the equation for  the s t e a d y - s t a t e  
a s c e n t  ve loc i t y  i s  

0.3t / v \~/~f 2a0\ 0.44~ ~% f 2 ) (3.10) 

When X = 4, Eq. (3.10) l e a d s  to a coef f ic ien t  of R-l/2 which d i f f e r s  by  20% f r o m  that  given in [3]. 

A c c o r d i n g l y ,  the c o r r e c t i o n  to the bubble  ve loc i ty  due to ene rgy  d i s s i p a t i o n  in the h y d r o d y n a m i c  boundary  l a y e r  
and in the  wake tu rns  out to be i m p o r t a n t  both dur ing  the mot ion  of a r e l a t i v e l y  s m a l l  s p h e r i c a l  bubble  (s ince  in th is  
c a se  a quant i ty  of the o r d e r  of R-t/2 i s  not negl ig ible)  and in the c a s e  of r e l a t i v e l y  l a r g e ,  h ighly  d e f o r m e d  bubbles  
( s ince  the coef f ic ien t  of the s m a l l  quant i ty  R-i /2 i s  roughly  p ropo r t i ona l  to X2). 

Accordingly, the region of applicability of (3.10) is limited by the condition X 2 << RI/2. The error due to the 
replacement of Xiifi by X 2 evidently does affect the order of magnitude of the correction. 

The dependence  (1.9) of the a scen t  ve loc i ty  of a d e f o r m e d  bubble on the r a d i u s  of an equ iva l en t -vo lume  s p h e r e  i s  
not an exact  consequence  of (1.5) and (1.3), but may  be c o n s i d e r e d  a g e n e r a l i z a t i o n  of the e x p e r i m e n t a l  data; 
a cco rd ing ly ,  the c o r r e c t i o n s  to th is  equat ion on the o r d e r  of X2/R1/2 need not be  taken into account.  

A m o r e  a c c u r a t e  equat ion for  the flow ve loc i ty  l e a d s  to c o r r e c t i o n s  on the o r d e r  of R -1/2 in Eq. (2.19) for  the 
growth o r  d i s so lu t ion  r a t e  of the bubble.  However ,  t e r m s  of th is  o r d e r  a l so  a r i s e  dur ing  the so lu t ion  of the di f fus ion 
p r o b l e m  with an account  of the r e a l  ve loc i ty  f ie ld  in the hyd rodynamic  boundary  l a y e r .  Since the P r a n d t l  number  
s a t i s f i e s  v/D >>1, the t h i cknes s  of the di f fus ion boundary  l a y e r  may  be a s s u m e d  neg l ig ib ly  s m a l l  in c o m p a r i s o n  with 
the th i ckness  o f  the hyd rodynamic  boundary  l aye r .  T h e r e f o r e ,  in so lv ing  the convec t ive -d i f fus ion  equat ion,  it  is  
suf f ic ien t  to c o n s i d e r  the ve loc i ty  f ie ld  at  the bubble sur face .  The 0nly nonvanish ing  component  of the l iquid ve loc i t y  
at  the bubble su r f ace  is  [3] 

up f I -- ~ ~'I~ I (2upv~'l" fUo ~ +[t~) ' l :  x(~) $ (x') dx" 
v~= v 4 - ~ J t ~ )  --~7o~-~J t ~ - ~ )  oJ 1/~---:T" (3.11) 

Here  the funct ions  S(x) and x(~) a r e  given by Eqs.  (3.3). The convec t ive -d i f fus ion  equat ion l e a d s  to an equat ion of the 
hea t - conduc t i on  type  (2.10), when r and ~- a r e  r e p l a c e d  by the new v a r i a b l e s  

x(S) 

" q = T  +[3 3 - -  ~0 "t3~--s d~' (o~o~+ ~'~) y : ,  
- -1  0 

- -  d x ' .  (3, 12) 

Then the equat ion fo r  the to ta l  f lux to the bubble  s u r f a c e  b e c o m e s  

H e r e  I i s  g iven by Eq. (2.14). 

11 = 4 (nukapD) '/2 (co-  c~) • 

X [ 3  "~o \ ~ j  d[i(a~ I ~ d x ' ]  'i*= 
~ 1  0 

I t 3"~ \ 112 
= s  I ~ + ~ ~  d~(~o,+~) d~' 

4~o --t 

(3.13) 

F o r  a s p h e r i c a l  bubble ,  we have 
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s,  = s [ i  - (31f - j = s ( i  - 1 . 45sr" , ) .  ( 3 .14 )  

A s s u m i n g  that the flow veloc i ty  also i nco rpo ra t e s  co r r ec t i ons  on the o rde r  of R-l/2, we find 

11 = 3.35 (ga~D/~,)~/2 (i  - -  0.35R -~/2 ) (c o _ cs). 

As (3.15) shows, these  co r r ec t i ons  l a rge ly  compensa te  for  each other, 

(3.15) 

Accordingly ,  for the growth (or dissolut ion) r a t e  of a bubble c lose  to spher ica l  in shape, we have 

I -- 3.35 t - -  1.6. iO -s pg2a' - -  i.05 (C o - -  Cs) (3.16) 

This equation takes into account  the effect of a sl ight de format ion  on the diffusion flux and the co r rec t ions  on the o rde r  
of R-i/2 to the flow ve loc i ty  around the bubble.  

In the case of a disk-shaped bubble, Eq. (3.13) leads to 

11= I(131f34_~_~a o-,,/~ ~i3Jol/_~_~2j=iI,f[JdF~ (1 --71~a o033 -,,io,). (3.17) 

where  I is given by (2.20). 

We note that the co r r ec t i on  to the diffusion flux for a highly deformed bubble a r i s e s  p r i m a r i l y  at the t r a i l ing  
edge of the sur face ,  where  the s t r e a m l i n e s  differ  s igni f icant ly  f rom those of an ideal  liquid. 

Accordingly, the quasi-steady-state growth rate of a disk-shaped bubble is 

I1 = 4.68 \v  l f ~  J - ~ ]  (Co-- cs). (3o18) 

With an e r r o r  no g r ea t e r  than 30% of the co r r ec t i on  for R ~ 103, we may rep lace  ~(n/G by X 2, s ince  ~(2 << R1/2 
F u r t h e r m o r e ,  us ing  the x(a) dependence (1.11), we find that 

'/2 "/5 - e  ( a pa 

Equat ion (3.19) shows that 22 i n c r e a s e s  m o r e  rap id ly  than Rt/2 as the rad ius  of the equivalent  sphere  i ne r ea se s .  
There fo re ,  the reg ion  of appl icab i l i ty  of (3.19) is l imi ted  by the condit ion 

2.9.10 -~ ga ( a / v )  ~z~ (9a / o) a4 ~ t .  

F o r  an a i r  bubble in water  at 19 ~ C, this  means  that a 9/4 << 0.085 or a < 0.26 cm. We note that the bubble becomes  
nonspher i ea l  when a ~ 0.06 era. 

4. C o m p a r i s o n  with exper imen t .  When t e r m s  of the o rder  of 1/~( and x2/R1/~ in Eq. (3.19) a re  neglected,  the 
ma in  t e r m  in Eq. (3.19) i n c r e a s e s  as al~/8 as the equivalent  rad ius  i n c r e a s e s .  This  r e s u l t  may be a s sume d  to agree  
with the exper imen ta l  data of Shabal in et al~ [9] on the d i sso lu t ion  of carbon  dioxide f rom nonspher i ca l  bubbles:  these  
authors  concluded that the d i sso lu t ion  ra te  was p ropor t iona l  to the square  of the equivalent  radius .  

These results can be expressed as a relation among dimensionless criterial numbers. The dimensionless mass 
flux is given by the Nusselt number N = I/2~Da (c o - Cs). For a nearly spherical bubble, it follows from Eqs. (2.16), 
(3.14), and (1o6) that 

(4ol) 
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F o r  a d i s k - s h a p e d  bubble ,  Eqs. (2.19), (3.17), and (1.11) l ead  to 

iv I V ' F :  2.3i .tO-~g '/~ (p / a) "12 'v~R~I~x 

x[t  -- 0.33 -tO-ag (p / a) ~ v ~/~'/2] ~ 0,47. (4.2) 

In the f igu re  we c o m p a r e  the  ca l cu l a t ed  dependence  of N/P1/2 on R with e x p e r i m e n t a l  da t a  on the d i s so lu t ion  of 
c a rbon  d ioxide  in an aqueous  solut ion of g lucose  by Redf ie ld  and Houghton [10]. The f i r s t  t h r e e  c u r v e s  c o r r e s p o n d  to 
Eq. (4.1). The v i s c o s i t y  of the l iquid i s  not s m a l l  enough to p e r m i t  the use  of Eq. (4. 2). Both a s y m p t o t i c  r e l a t i o n s  (4.1) 
and (4.2) w e r e  used  to plot  the four th  curve .  The c o r r e s p o n d i n g  e x p e r i m e n t a l  poin ts  w e r e  obta ined  by m e a s u r e m e n t s  at  
v a r i o u s  l eve l s  in a column.  

xr o3  

�9 2, ~'*r I i 

Z ,t 

~ oi I ~ ~ ~ o~ 

~ e  

% 

� 9  

g~ 

g~ 

~ A  

A~A 

O 

o to 400 r I~ 

Fig.  1. 

As  has  been noted s e v e r a l  t i m e s  b e f o r e  [10-12] ,  the diffusion f lux to a bubble  s u r f a c e  at  given vo lume,  s u r f a c e  
a r e a ,  and ve loc i ty  a l so  depends  on the t ime  the bubble  s t ays  in the sy s t e m.  The r e a s o n  for  th is  phenomenon is  not 
c o m p l e t e l y  c l e a r ,  s ince  the t ime  r e q u i r e d  to e s t a b l i s h  a s t e a d y - s t a t e  di f fus ion f lux dur ing  nondetached bubble  flow 
should be on the o r d e r  of a / u .  

The o c c u r r e n c e  of an exp l i c i t  t i m e  dependence  in the dependence  of N/P1/2 on R may  be due to the a d s o r p t i o n  of 
s u r f a c e - a c t i v e  subs t ances  on the s u r f a c e  of the d i s s o l v i n g  bubble;  th is  would r e s u l t  in an expans ion  of the t u rbu l en t -  
wake reg ion  and in a tu rbu len t  t r a n s f e r  of the d i s s o l v e d  gas  in the wake. 

The author  thanks V. G. Levich  fo r  a d i s c u s s i o n  of these  r e s u l t s .  
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